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1 Introduction

In this article, we study the following transmission system with a viscoelastic term and varying
delay term

t
u(w,0) — bra(.0) + [t = 5)6nsl5)ds
0

1
+ 1o (x, t) + pode(x, t —7(t)) =0, (z,t) € Q x (0,400), (1)
wtt(%t) _b¢xx($at) :Oa (:Evt) € (LlaLQ) X (0,+OO),

under the boundary and transmission conditions

#(0,t) = u(Ls,t) =0,
QS(LZat) :¢(Llut)a 1= 1327

a¢x(Liat) - /Otg<t - 3>¢x(Li7t)d3 = b%(Li,t), i=1,2,

and the initial conditions

¢(x,0) = go(x), ¢¢(x,0) = d1(z), =€,
oi(x,t —7(t) = folx, t —7(t)), =€, te(0,7), (3)
¢(9€,0) = Qﬂo(ﬂj‘), %(%0) = ¢1(-70)a (S (LlaLQ)a
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where 0 < Ly < Ly < L3, Q = (0,L1) U (La, L3), a, b, u1, uo are positive constants, and where
the time varying delay 7(t) > 0, satisfies

0<7(t) <7, Vt>0, (4)
€ W2(0,T), VT > 0, (5)

and
'(t) < dy <1, Vt >0, (6)

where, dj is a positive constant.
We are interested in proving the exponential stability of the problem —. In order to
obtain this, we will assume that

Li+Ls—L
g}<1+3 2

1
max{ b 2(Ls—Ly)

(7)

As described in Benseghir| (2003)), the assumption gives the relation between the boundary
regions and the transmission permitted.

Time delay is a characteristic of a physical system that causes the response to an applied force
to be delayed in its consequences. The main question is whether a system that is asymptotically
stable in the absence of delays can become unstable due to their presence .

The design of material components is directly tied to transmission problems, which have
received a lot of attention recently, for example in the analysis of damping mechanisms in the
metallurgical industry or in smart materials technology.

Studies on transmission problems connected to — have also been explored. The trans-
mission problem with frictional damping has been investigated by [Bastos & Raposo| (2007)), the
authors showed the wellposedness and exponential stability of the energy. The transmission of
viscoelastic waves was a problem that Munoz Rivera & Oquendo (2000)) studied, they proved
that no matter how tiny the size of the solution is, the dissipation caused by the viscoelastic
portion can produce exponential decay of the solution. Bae (2010) considered the transmission
problem, in which one component is clamped and the other is in a viscoelastic fluid producing
a dissipative mechanism on the boundary, and established a decay result which depends on the
rate of the decay of the relaxation function.

For the quasilinear problems, Cavalcanti et al.| (2002) studied, in a bounded domain, the
following equation :

t
0e]” — Ad — Ay +/0 g(t — s)A¢(z)ds — yAP, =0, in Q xR,

for p > 0. They established a global existence result for v > 0, and an exponential decay result
for v > 0.

The transmission problem with history and delay was invastigated by |Li et al.| (2016)), where
the equations were expressed as

+o0
Q1 — APy + / 9(8)puz(x,t — 8)ds + prug(z,t) + pad(z,t —7) =0, in Qx]0, +oo],
0

@btt - bzzz)ll‘x — Oa in ]Lla LQ[X]Oa +OO[>

and proved an exponential stability result for two cases, under appropriate assumptions on
function ¢ and on the delay term. In the first case, they considered ps < p1 and in the second
case, they assumed that po = ;.

537



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.8 , N.3, 2023

Messaoudi| (2008]) established a more general decay result, in a bounded domain of the
following viscoelastic equation:

t

b — A¢ +/0 g(t —7)AP(T)dr =0, in Q x (0,00).

After that, Han & Wang) (2011) investigated the nonlinear viscoelastic equation:

t

b — Mg+ /0 gt — T)AG(T)dr + [61FDj(de) = |BIP 16, in Qx (0,T),

the authors proved the global existence of generalized solutions, weak solutions for the equation.

To the best of our knowledge, A. Benseghir’s contribution in Benseghir| (2003) was the first
one made in the literature for the transmission problem with a time delay. More specifically,
the following transmission problem

{tht _a(bx:r‘{'/‘lqbt(fbat) +,u2¢t($>t_7—) = 07 in QX}O) +OO[, (8)

wtt - b¢xm - 07 in ]Lla LZ[X]O) +OO[7

with constant weights u1, pe and time delay 7 > 0 was studied. Under suitable assumption on
the weights of the two feedbacks (u1 < u2), the author proved the well-posedness of the system,
and established an exponential decay result under condition .

Wang et al.| (2016)) extended the finding from |Benseghir| (2003)) and demonstrated the solu-
tion’s existence and uniqueness using the Faedo-Galerkin approach, and its exponential stability
using the energy method.

Inspired by the above results, in this study, we are interested in investigating the general
decay result of problem — under some hypotheses. For asymptotic behavior, we establish a
general decay result from which the exponential and polynomial types of decay are just specific
cases, by constructing an appropriate Lyaponov functional.

The remainder of this paper is organized as follows. In section 2, we provide some resources
used in our research, then highlight our main results. In section 3, we introduce some technical
lemmas which are fundamental in the proof of our stability result. In section 4, we prove the
decay result.

2 Preliminaries and main results

In this section, we provide some practical materials that are required to prove our main results.
Let’s first introduce the notations below:

(ox )0 = [ ol =)o) ds
(0000 = [ ot = 5)e(0) - 0(s) .
0 = [ ot )@l - o(s)7 ds.
The above operators clearly satisfy
or0)0) = ( [ o(oras) at0) - (g02)0),
(w000 < [ loias) (s00)0
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Lemma 1 (Cavalcanti et al.| (2003)). The following equation holds, for any g, ® € C*(R) :

2[g* @0 = g0 — g(t)|®|* — % {gDCD — </Otg(s)ds> \@]2} .

Proof. We differentiate the expression

gO® — (/Otfb(s)ds) |®|?,

The following assumptions apply to the relaxation function g:

to find the result.

(A1) g:RT — RT is a C! function which satisfy

g€ LY0,00), ¢(0)>0, 0<pB(t):=a —/ g(s)ds,
0

0<Bpi=a— / g(s)ds.
0
(A3) There exists a non-increasing differentiable function ((¢) : Rt — R™, such that
40 < ~Ce0, w0 ad [ o=+
0

According to these hypotheses, we have
Bo < B(t) < a. 9)

Similar to Nicaise & Pignottil (2006), we introduce the following variable

Z(x7p7 t) = ¢t(x7t - T(t)p)) ($7p7t) € Qx (07 1) X (07 OO);
so, the variable z satisfies
() z(z,p, t) + (1 — 7' (t)p)zp(z, p,t) =0, (z,p,t) € Q2 x (0,1) x (0, 00).
Then, problem can be rewritten as

¢tt(.’L’,t) - a¢mm($7t) + g* (lsl'x + Ml@bt(iﬂat) + ,U/2z($> 17t) = 01 (xvt) S Q X (O, +OO),
¢tt(xat) - bwzm($>t) =0, (l‘,t) € (L1>L2) X (Oa +OO), (10)
T(t)z(@,p,t) + (1 = 7' (t)p)zp(z,p,t) = 0, (2,p,t) € 2 x (0,1) x (0, +00),

the boundary and transmission conditions take the following form

¢(0,1) = ¢(Ls,t) =0,
gf)(Li,t) = ¢(Li,t), 1=1,2, t € (0, +OO), (11)

<a — /tg(s)ds> ¢x(Liyt) = 0py(Liyt), i=1,2, t € (0,+00),
0

and the initial conditions become

<Z>(37:t) = ¢0(‘T)7 ¢t(x70) = (;31(1'), T e Q?
2(x,0,t) = ¢z, t), z(x,1,t) = folz,t —7(t), (x,t) € Qx(0,4+00), (12)
Y(x,0) = o(x), Y(z,0) =1(x), x € (L1,Ls).
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As in Raposo (2008), we introduce the Hilbert spaces
Xy = {((bvw) € Hl(Q) N Hl(Lla L2) : ¢(0,t) = ¢(L3at) = 07 ¢(Llat) = w(Llat)v
t
(a —/ o(s) ds) Go(Liyt) = bibu(Li 1), i = 1,2}
0

and

L2 = L*(Q) x L*(Ly, Lo).

According to previous results in the literature (see Wang et al.| (2016)), we state the following
well-posedness result, which can be proved by using the Faedo—Galerkin method.

Theorem 1. Assume that (A1) and (As) hold. Then for (¢o,v0) € X«, (¢1,%1) € L%, and
fo € L?((0,1),9), problem (@—(@ admits a unique weak solution (¢, z), such that

(¢,9) € C((0,00); X.) N C1((0,00); L),
2 € C((0,00); L¥((0, 00), ).
Now, we shall continue and define the energy functional of the solution of problem —

by

5—112 2 Dd1L22 b2 (x, )V de (13
(t) _2/0 {¢2(x,t) + B2 (,t) + (90¢s) } x+2/L1 {vi(x,t) + 00Z(x,t)} d (13)

§ 1 1 )
+2T(t)/0 /0 z°(z,p,t)dp dzx.

where, £ satisfies

12 12
<E<L2U — ——. 14
T—a i T (14)
Theorem 2. Let (¢,1, 2) be the solution of problem (1))-(3). Assume that (A1), (A2) and
8(La — Lq) 8(La — L1)
> 2 g > 2 U 15
¢ L1+L3—L260 L1+L3—L250 (15)

hold, then there exist constants kg, ko > 0 such that, for all t € RT and for all k1 € (0, ko),

E(t) < rpe "1 Jo C()1s, (16)

3 Technical lemmas

In this section, we study the asymptotic behavior of problem —. We state and prove some
technical lemmas which are essential in the proof of our stability result. We utilize multiplier
technique to establish stability results for the energy of the solution of system. This neces-
sitates creating an appropriate Lyapunov functional equivalent to energy as we clarify in the
following section.

We prove the decay result, under assumptions and

o < /1 —dop. (17)

Lemma 2. Let (¢,1,2) be the solution of problem @-(@ Then we have the following
estimate

&(1) < —cl/ngf(x,t) d:L‘—CQ/QzQ(:E,l,t) dx+;/9(g'D¢z)(t) da. (18)
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Proof. We start by multiplying 1 and 2 by ¢¢ and v respectively, then, we integrate by
parts and we use , to obtain

1d

it Lot sasie il aof+ 5 { [ e st )] o)

Z—M1/¢t (z,1) dm—ug/gbtxt x,l,t)dx+/ (t—s) /¢m )pat(t) deds.  (19)

Using Lemma |]] ' we can rewrite the last term in the right-hand side of (19| . as

/Otg(t —s) /Q G2(8)Pat(t) daxds + ;g(t)/gqﬁc dx
2 {/otg ) 6 dods = [ @0 dw} +5 [ T00 ) do

then, becomes

%% {/Q[¢§(x, )+ ag?(, 1) d:z:} + % {/:2 [V} (@, t) + b (2, 1)] dﬂf} + ;/Q(QD%W) d

- _ 2(p T — z,t)z(x x—l 2 dx } ! x
== [ GFet) do = [ )zl 1,0) do— o) [ 02 do+ 3 [ (D000 do (20)

Next, we multiply the last equation in by £z and integrate the result over © x (0,1) with
respect to x and p, respectively, we obtain

2dt// 2(a,p,t dpd:v——f// (1 —7'(t)p)2(z,p, t)zp(x,p, t)dp dz
= /t)/ﬂ/o 22(z,p,t)dp dx
S 2 a-roner i i

_g/ﬂ(zz(x,o,t)—ZQ(x,l,t)) d:U—i—éT;t)/ng(%lvt) dz.
(21)

Now, using (20) and (21]), we get
d _ § 2
aé”(t)—— pm— g @i (x,t) dm—f 1—7' 22(x,1,t) do — po ¢t$t z(x,1,t) dx
Q

—;g(t)/gdﬁ dm+;/ﬂ(g’D¢z)(t) dz. (22)

Young’s inequality in gives

jté"() <u1—§—\/1_7“2>/¢>t 1) dx—<£(1—d0) z_do)/gg(x?l,t) i

1
+5 [ (4060 ds
Q
Finally, we exploit (17]) to complete the proof. O
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Lemma 3. Let (¢,1,2) be the solution of problem (@—(@ The functional Z defined by

Lo
R(t) = /Q sondz + 1 /Q ot [ vnas,

satisfies

d Lo Lo
—Z(t) < / prdx + Yide + (L?e + ¢ — B(t))/ P2dx —/ b2 dz
dt Q L1 Q L1 (23)
1 2
+ La—80) / (906e) dz + 12 [ (2,1, t)de.
4e [¢) 4e [¢)
Proof. Differentiating # and using , we get
d Lo Lo
G20 = [ G [ (@6~ gro)ordo - [ w100 dor [Cude [ Tbido
dt Q Q Q Ly

Ly

Lo Lo
- /Q o2da—p(t) /Q o2 da— /Q (6060) b da—ps /Q w06 dot [ 0P do— /L b2 di. (24)

Ly 1
Using the boundary conditions , we get

L1

x 2
¢2<x,t)=< / <z>z<:c,t)d:c> <Ly [ ¢i(a,t)dr, x€l0,L],
0 0

L3
(;52(31,75) < (L3 - L2) Qﬁi(l‘,t)d.ﬁ, U [L27L3]7
Lo
Which indicates

/ *(z,t)dx < L2/ ¢2(x,t)dr, x €9, where L =max{Ly,L3— Ly}. (25)
Q Q

exploiting and applying Young’s and Poincare’s inequalites, we find for any ¢ > 0,

12
m/z(aﬁ,l,t)qﬁdxg 2/
Q 4e

22(x,1,t)dx + L2e/ P2da. (26)
Q Q

Again, Young’s inequality and (A4;) give

1 1
[avonondr<e [ ot [ (g0ondo<e [ 02 dotta=p(0) [ (506 do. (21

We obtain the desired outcome by inserting the estimates and into . O

Inspired by Marzocchi et al.| (2002]), we consider the function

(- L z €0, L],

Ly _ Litls—La(, T c (1. L
gw) = 2 2L-L) (x —L1), =€ (L1, L2), (28)

l’—%, T € [LQ,Lg].

\

The fact that ¢(z) is bounded is obvious, since |g(z)| < M, where M = max{%, %} is a
positive constant.
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Lemma 4. Let (¢,1,2) be the solution of problem (@—(@ The functional % defined by
A0 =~ [ a@ontos. - g 6:)da. (29)
satisfies, for any e; > 0,

G40 < |1 (@, — gwory]

B {gq(x)qbf}m [ 2761 " 461} / dide

+ [e1M?a® + B2(t) + 2M €1 (a — B(t))* + ciel] / ¢2dr + 572 22(z,1,t) do
Q

o0

1.JQ
+(1+2020) (@ = 3(0) [ (600:) do+ (0= Blt)er [ (406,) do. (30)
Proof. Differentiating .# () and using (10)), we find

d

G910 == [ a@)on(ass =500 da = [ a@)or(adn — g(00(0) + (g 06.)(0) da

= [~ w0e—gwn?| 5 [ d@ats - ax 60 do - [Gatoet]

o0N

+‘2‘/Qq'(x)¢§ dx_/gq(af)(ﬂl¢t($,t)—i—mz(x,l,t))(g*@v) da

+/(J(x)a%(m@(x,t)+u22(9«31,t)) dw—/Q(w)qﬁt [(9'0a)(t) = g(t) x| dx.  (31)
Q Q

We see that
2

;/qu(x)(aqu — gx ) du = ;/Q [(a — /Otg(s)d,s) b + gQ%] d

2.2 2 2.2
</Q\5(t)| o dx+/g\g<>¢x! da:</g|5(t)| o d$+(a—ﬁ(t))/g(gﬂ¢m) dr.  (32)

By Young’s inequality, we find for any €; > 0,

/Q (z)agy(p1¢(x,t) + poz(x, 1,t)) de < e, M?a 2/ P2 dm—i— /gbt dx—|—461/ 2(x,1,t) dx,

(33)
/Q 0(@) (11 e(, 1) + (@, 1,8)) (g % 6s) de
<61M2/(g*¢x) do + " /qﬁtd +fz’1/ 2(¢,1,1) dx,
<2(51M2 /(j)2 dz+2e, M? (a—pB(t ))/ g0os) d:H—'ul/ qﬁt dx +461/ (x,1,t) dz,
(34)

and

/ M2 2 2 /
/Q @) (4000~ 9(0)6x] do < - /Q 6F d + cser /Q 62 du + (a — B(t))er /Q (9 anx)g;.

We obtain , by inserting — into .
O
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Lemma 5. Let (¢,1,2) be the solution of problem (@—(@ The functional S defined by

Lo
Ho(t) = — /L q(2)Yz¢rda, (36)

1

satisfies the estimate

d L+ Ly — Ly L2, L2, Li Ly —Ly ,
g s s (f vt [ Tutae) + Ruton + BT i)
(L = L2 (Lo ) + (L1, 1)), (37)

4
Proof. Using the same procedure, taking the derivative of #(t) with respect to t, we get

Lo Lo
&) = / a(@)burthy dz — / o)t da

Ll L1
Lo Lo Lo Lo
q(z 1 1 —bg(x
= [<15202) g [Tt dor g [T o | TH ]
2 o 2 2 /1, 2 L
Li+Ly—Ly [ (2 , /Lz ) 1., Lz — Ly
S - d bz d ~L L = =L
N 4(L2 —L— 1) < Ly ¢t v Ly wa: Tt 4 11/}t( 1) + 4 wt( 2)

1
+ b((Ls = Lo)t3 (Lo, t) + Lai(La, 1)).
Which concludes the proof. O

Similar to 7, we introduce the following functional

1
= fT(t)/ / e 2O P22z p, t)dp dx, t > 0.
QJo

Lemma 6. Let (¢,1,2) be the solution of problem (@—@ Then the functional F5 satisfies,

d

G0 < =270 + € [ ot (39)

Proof. Differentiating #3(t), we find

7y3 =¢7'(t / / (x,p,t) dpdx
—2¢7(t) / / (z,p,t) dpdx (39)

L oer(t) / / O (2 p, 0)z24(, p, 1) dpd,
QJo

now, using the last equation in , we get

/ / P2z dp do = / / “2rOp(r —1)zz, dpdz, (40)
notice that

/ / —1)(z2p)(z,p,t) dp doe = / / 8p *ZT(t)p( "(t)p — 1)22(x,p, t)) dpdz
+7(t / / (e — 1)2*%(z, p, t) dpdx
- 2/9/0 e P2(4 p t) dpda.
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Using and @, equation can be rewritten as
—fg ) =—2¢7(t // pz xp,)dpdx+§/¢ta:t
(1= (1))e 2t >P/ 2(2,1,1) da,
Q

As a result, estimate directly follows. O

4 Decay of solutions

In this section, we prove our main stability results, using the lemmas mentioned in Section 3.
Proof of Theorem [ We define the Lyapunov functional
L(t) = Nléa(t) + NQ%(t) + N3 .9 (t) + N4f2(t) + fg(t), (42)

where N1, No, N3, Ny are later-fixed positive constants.
We proceede by taking the derivative of with respect to t, then, we use estimates ,

, , , and , to obtain

d a
dtL( )< {Nlcl —{- N N (5 261 461 / d)tdx

2N 2
- {Nlcg _ Ktz Nguz}/ 22(x,1,t)dz
4e 261 0

— {Na2(B(t) — L?e — €) — N3 (e1M?a® + B%(t) + 2M?e1(a — B(t))* + cZe1) } /Q P2dx

Li+Ls—L Ly
—{b(1+ £ 2)N4+N2b} Y2dx

4(L2 — Ll) I
L1+ Ls— Lo L2,

- ——= =N, —N} dz
{ A(Ly—1Ly) vt

— (bN3 — N4)Z ((Ls — Lo)¥2(La, t) + L1923 (Ly,t))
Ls— L

— (aNs — No)[FhoR (L, 1) +

T o(No, V) /Q (90 60)da

# (et [ e
(43)

Now, we select our coefficients in , carefully, in a way that all the coefficients in will be
negative. Indeed under , we can find Ny, N3 and N4 such that

L+ Ly — Lo
4(Ly — 1}1).7\747

After fixing the above constants, we can choose € and ¢; small enough such that

NQ(LQE + 6) + N3(61M2a2 + 2M261(CL — B(t))Q + 0561) < Ny — Ng,@(t).

243 (La,1)|

Ny < Ny > bN3, No > 2N3[0.

Choosing N7 to be large enough so that

2 2
Nlcl—f—NQ—N?,(a-i-;ell—i-%) >0,
2
Nycy — 4222 _ 2“51 >0,
%—C(N3)>O,
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we conclude that, there exist two positive constants v; and 7 such that takes the following
form

GHO < =60+ 7 [ (D0n)de. (14)

Yet, according to functionals Z(t), #1(t), Ha(t), #3(t) and &(t) definition, for sufficiently large
N1, there exists a positive constant s, fulfilling

|N2%(t> + N3 % (t) + N4f2<t) + jg(t)‘ < 73(?(15),

which indicates that
(N1 —3)8(t) < L(t) < (N1 +73)8(1).

Now, we shall estimate the last term in .
Using (As2) and (18), we obtain

o(0) [ oo < [ (€o)00] do < [ (§00,) de < ~25600) (15)

At this point, we introduce the functional
Z(t) = ((t)L(t) + 2726(t).

Given (A2) and the fact that L(¢) and &(t) are equivalent, then, for some positive constants 7,
and 72, we have

mét) < ZL(t) <mé(t), (46)
From ([45)), and (Asg), we find
d d d
92 = 0D + 0 LLw + 2 S 8)
<60 () 42 [ @O0 ) + 20
< —((t)meE(t)
S _"'/‘70<( ) (t)>
where kg = 71 . We deduce that, for any k1 € (0, ko),
%f(t) < Z(0)e "t Jo ¢)ds  for any ¢ > 0. (47)

Finally, is established using and . This concludes the proof of Theorem O
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